In this work, we classify the bifurcations of chaotic attractors in 1D piecewise smooth maps from the point of view of underlying homoclinic bifurcations of repelling cycles which are located before the bifurcation at the boundary of the immediate basin of the chaotic attractor.
Introduction
It is well known that dynamical systems defined by piecewise smooth functions exhibit several phenomena which cannot occur in smooth systems, such as for example, border collision bifurcations, sliding, chattering, etc. [di Bernardo et al., 2008] . One such phenomenon is the persistence of chaotic attractors under parameter perturbations, referred to as robust chaos [Banerjee et al., 1998 ]. In this case, there is an open region in the parameter space, called chaotic domain or domain of robust chaos, corresponding to chaotic attractors only. It is wellknown that these attractors may undergo bifurcations (frequently referred to as crises) leading to a sudden change of the shape of the attractor, or to a change of the number of its bands (connected components). Such bifurcations may be organized in complex bifurcation scenarios [Avrutin & Schanz, 2008; Avrutin & Sushko, 2012] . At the boundary of a chaotic domain similar bifurcations may lead to a transformation of a chaotic attractor into a chaotic repeller. Although such bifurcations were intensively studied by many authors, there is not a unique widely accepted terminology in this field. In particular, interior crises [Grebogi et al., 1982 [Grebogi et al., , 1983 [Grebogi et al., , 1987 Ott, 1993] can be seen as a special class of contact bifurcations [Mira & Narayaninsamy, 1993; Gardini et al., 1996; Mira et al., 1996a; Mira et al., 1996b; Fournier-Prunaret et al., 1997; Maistrenko et al., 1998 ] called also explosions of recurrent points in [Robert et al., 2000; Alligood et al., 2002] . Also the notions of boundary crises, exterior crises and final bifurcations refer to similar phenomena.
It is known that the bifurcations mentioned above are related to particular homoclinic bifurcations of repelling cycles located at the boundary of the immediate basin of the attractor [Mira et al., 1996a] . The aim of the present paper is to clarify which kinds of homoclinic bifurcations are responsible for which type of bifurcations of chaotic attractors, restricting ourselves in this work to 1D maps.
The homoclinic bifurcations of repelling cycles mentioned above are related to the appearance of critical homoclinic orbits to these cycles, that means homoclinic orbits including critical points. Following [Mira et al., 1996a] , a critical point of a continuous (smooth or piecewise smooth) function f is defined as the value of f at its local extremum (smooth or nonsmooth). 1 If f is a discontinuous function, then its limiting values at discontinuity points are called critical points as well [Gardini et al., 2011] . A homoclinic orbit is persistent under parameter perturbation iff it is noncritical. A critical homoclinic orbit which includes a point of a smooth local extremum (fold point) is called degenerate. It is proved in [Marotto, 1978; Gardini, 1994; Marotto, 2005] that the existence of a nondegenerate homoclinic orbit O to a repelling fixed point x * of a smooth map f in R n implies the existence of an invariant set Λ in a neighborhood of O, on which f is chaotic. Note that the same result applies also for a nondegenerate heteroclinic connection between two repelling fixed points x * and x * * , which is defined as a union of two heteroclinic orbits, one from x * to x * * , and the other one from x * * to x * .
In [Gardini et al., 2011] this result is extended to piecewise smooth (continuous and discontinuous) maps. It is proved that the existence of a noncritical homoclinic orbit implies the existence of chaos in a neighborhood of the orbit and that the appearance of infinitely many homoclinic orbits, also called an Ω-explosion, is associated with the existence of a critical homoclinic orbit. First of all, this result provides a powerful tool for the proof of existence of chaos. Moreover, it suggests also a way how to formulate the condition of the bifurcations of chaotic attractors mentioned above. Indeed, the existence of a critical homoclinic orbit implies that a critical point is preperiodic to the repelling cycle undergoing a homoclinic bifurcation, i.e. it is mapped on a point of the cycle within a finite number of iteration steps.
Additionally, for the description of bifurcations of chaotic attractors in a 1D map f the following facts are essential:
(1) Boundaries of a chaotic attractor are given by critical points of the map and their images. (2) A multiband chaotic attractor in a continuous map is always cyclic, while in a discontinuous map it may be acyclic (see [Avrutin et al., 2014] ). Therefore, investigation of an m-band chaotic attractor of a continuous map f can be reduced to the investigation of a one-band attractor of the iterated map f m . When dealing with a discontinuous map, this is not always possible. (3) Chaotic attractors in piecewise linear maps include necessarily at least one border point. Therefore, in piecewise linear maps with one border point the immediate basin boundaries of any chaotic attractor cannot include the border point and are formed by one or several cycles and possibly also by their preimages. Similar result applies also to piecewise smooth maps without smooth extrema.
Below, we illustrate the bifurcations of chaotic attractors using the most simple example, namely the family of piecewise linear maps f : I → I, I ⊂ R, defined by (1) is discontinuous. Note that in this case we do not define the value f (0), as it is not relevant for the bifurcation structure of the parameter space. By contrast, the values f L (0) and f R (0) are well-defined and represent critical points of f . In the particular case µ L = µ R = µ, map (1) is continuous and represents the well-known skew tent map
The main advantage of maps (1) and (2) for our purposes is the possibility to calculate analytically the points of the cycles (of any period) undergoing homoclinic bifurcations. Thus, the related bifurcation conditions can be expressed in an explicit form with respect to the parameters. As the boundaries of a chaotic attractor are formed by critical points and their images, at the bifurcation moment the cycle O n collides with some of them (in other words, the corresponding critical point becomes preperiodic to O n ). This leads to the appearance of a homoclinic orbit to O n , which is critical at the bifurcation value. Accordingly, the cycle undergoes a homoclinic bifurcation. Being nonhomoclinic before the bifurcation, the cycle necessarily becomes double-side homoclinic after (as a cycle with a negative eigenvalue cannot be one-side homoclinic).
Merging Bifurcation
Clearly, as the bands of A k merge pairwise, at the bifurcation moment 2n boundaries of the attractor have a contact with its immediate basin. As a result of the merging bifurcation the number of bands of the chaotic attractor is decreased by n. In a particular case, typical for piecewise smooth continuous maps (see Example 2.1 below), a chaotic attractor undergoing a merging bifurcation has k = 2n bands before the bifurcation and collides with a cycle of period n. Then all the bands merge pairwise and their number after the merging bifurcation is halved.
Example 2.1. Figure 1 shows the transition from a six-to a three-band chaotic attractor in the skew tent map (2), occurring for decreasing value of a R at γ RL 2 . The repelling cycle 4 involved in the bifurcation is O RL 2 , and its eigenvalue λ = a R a 2 L is negative as a R < 0. Before the bifurcation, the cycle is not homoclinic.
For decreasing value of a R , the bands of the attractor grow and at the bifurcation value they merge pairwise colliding with the points of the cycle O RL 2 . Clearly, after the bifurcation, the cycle becomes double-side homoclinic. As one can see in point of the lowest rank and is therefore most easy to solve.
Example 2.2. Figure 2 shows several merging bifurcations occurring in the discontinuous map (1). The 4-cycle O LR 3 appears at the border collision bifurcation ξ 3,r LR 3 being already homoclinic, then it becomes nonhomoclinic at the merging bifurcation γ 3 LR 3 , homoclinic again at the merging bifurcation γ 2 LR 3 and nonhomoclinic again at the merging bifurcation γ 1 LR 3 . As the map is discontinuous, the boundaries of the attractors are given by two sequences of images of critical points, namely c i = f i (c ) and It is worth to note a difference between continuous and discontinuous cases: In the first example, all six bands are pairwise merging leading to a three-band chaotic attractor. In discontinuous maps not necessarily all the bands are pairwise merging. For example, it can easily be seen in Fig. 2 As in the case of a merging bifurcation, an expansion bifurcation leads to the appearance of a homoclinic orbit to O n which is critical at the bifurcation value. Differently from the case of the merging bifurcation, there are two possibilities for the homoclinic bifurcation of O n : Before the bifurcation the cycle O n can be either one-side homoclinic or not homoclinic. After the bifurcation it becomes double-side homoclinic.
The number of bands of the attractor after an expansion bifurcation depends on the particular system. Below examples are shown in which an expansion bifurcation is related to a homoclinic bifurcation of an n-cycle, and the number of bands is decreased by n (Examples 3.2 and 3.3), or decreased by some number smaller than n (Example 3.1), or remains unchanged (Example 3.4).
Example 3.1. Figure 3 illustrates an expansion bifurcation in the skew tent map (2). For decreasing a R at the bifurcation η RLR a three-band chaotic attractor collides with the repelling cycle O RLR which is one-side homoclinic before the bifurcation. The eigenvalue λ = a L a 2 R of the cycle is positive. After the bifurcation the cycle is double-side homoclinic and the attractor consists of one band only.
As one can easily see in Fig. 3 , to calculate the parameter values related to the expansion bifurcation η RLR one can solve any of the following equations:
Clearly, the last equation contains the image of the critical point of the lowest rank and is therefore most easy to solve. Figure 4 shows two expansion bifurcations in the discontinuous map (1). As in the previous example, we observe transitions between three-and one-band attractors, but now they are related to homoclinic bifurcations of the 2-cycle O LR . This cycle is not homoclinic for the parameter values related to the three-band attractor and it is double-side homoclinic after the expansion bifurcation. To calculate the parameter values related to both expansion bifurcations one has to take into account that the boundaries of the attractors are Similarly, the expansion bifurcations η LR 2 LR 6 and η r LR 2 LR 6 marked in Fig. 5 cause transitions from a 17-to a seven-band attractor. The bifurcations are related to homoclinic bifurcations of the 10-cycle O LR 2 LR 6 . Accordingly, the gaps between the bands of the attractor containing the points of this cycle disappear after the bifurcations, while the gaps containing the points of the 5-cycle O LR 4 and the fixed point O R persist. Example 3.4. The number of bands of the attractor is not necessarily changed at an expansion bifurcation. An example for such a transition in the piecewise linear bimodal map
is illustrated in Fig. 6 , showing a transition from a one-band attractor before the bifurcation to a wider one-band attractor after. The transition is related to a homoclinic bifurcation of the fixed point O M = 0 which is one-side homoclinic before the bifurcation and double-side homoclinic after. Similar to merging and expansion bifurcations, at the bifurcation value the cycle O n undergoes a homoclinic bifurcation. The cycle O n can be either not homoclinic before the bifurcation and one-side homoclinic after, or one-side homoclinic before the bifurcation and double-side homoclinic after.
Final Bifurcation
If O n belongs to the basin boundary separating an attractor from diverging orbits, then after the final bifurcation a generic orbit diverges. Otherwise, after the final bifurcation a generic orbit converges to a different attractor. For piecewise monotone maps with one border point, and in particular, for map (1) the latter case is not possible, thus the final bifurcations can only lead to divergence of the generic orbit. Example 4.1. As a first example let us consider the final bifurcation χ L occurring in the skew tent map (2), as illustrated in Fig. 7 . Indeed, at the parameter values corresponding to the condition O L = f R (c), where c = f (0) = µ, the fixed point O L undergoes a homoclinic bifurcation and, being nonhomoclinic before the bifurcation, becomes oneside homoclinic after (for a R < −1.5 in Fig. 7) . To describe the chaotic repeller existing after the final bifurcation let us first consider the so-called escape interval
defined by the values of
A typical orbit with an initial condition x 0 ∈ I reaches J in a finite number of iterations and eventually diverges. Figure 7 shows the interval J and a sequence of its preimages. The set 7
is an invariant Cantor set and constitutes a chaotic repeller. It includes infinitely many repelling cycles and their preimages, as well as uncountably many aperiodic orbits. Note that this chaotic repeller persists after the bifurcation, as no further bifurcations may occur in this parameter range. escape interval
is given by the values of x with f L (x) > O R . However, there are also some differences from Example 4.1. Recall that in the skew tent map the chaotic repeller persists for all parameter values after the final bifurcation. By contrast, in the case shown in Fig. 8 , repelling cycles belonging to the chaotic repeller which exists after the final bifurcation χ R , disappear one after another for increasing µ due to border collision bifurcations. Moreover, at the pointχ R the chaotic repeller disappears as well. This parameter value is defined by the condition
0) and corresponds to one more homoclinic bifurcation of the fixed point O R , at which the critical homoclinic orbit includes the limiting value f R (0). At the bifurcationχ R this orbit represents the only (except for the fixed points) nondivergent orbit. After the bifurcation O R is no longer homoclinic and all orbits (except for the fixed points and preimages of O R ) diverge. Note that the disappearance of the chaotic repeller can easily be explained by the behavior of the preimages of J. For χ R < µ <χ R the union of all preimages of J cover the interval I apart from a Cantor set Λ. At the bifurcationχ R this union covers I except for a countable set (which represents the critical homoclinic orbit existing at this parameter value), and for µ >χ R it covers the complete interval I. Example 4.3. In the examples discussed above we considered final bifurcations related to homoclinic bifurcations of fixed points. Indeed, for onedimensional piecewise monotone maps besides fixed points also a 2-cycle can be involved into a final bifurcation. An example is shown in Fig. 9 . Here the 2-cycle O LR of map (1) both bifurcations χ LR and χ r LR , while the escape intervals are different. After the final bifurcation χ r LR the escape interval is
and after χ LR it is
As one can see in Fig. 9 , in both cases the chaotic repellers persist only up to the points ξ 0 LR and ξ 1 LR at which the cycle O LR undergoes a border collision bifurcation and disappears.
Bifurcations of Chaotic Attractors Related to a Fold Border Collision Bifurcation
All three kinds of bifurcations discussed above (the merging, the expansion, and the final bifurcation) occur both in continuous and in discontinuous maps. Example 5.1. To illustrate the effect of a fold border collision bifurcation leading to a bifurcation of chaotic attractors described above in the most simple case related to the appearance of two repelling 8 If f has an m-band chaotic attractor, we consider the iterated map f m . This is always possible, as f is continuous and hence its multiband chaotic attractors are cyclic. 9 Also referred to as a nonsmooth fold bifurcation [di Bernardo et al., 2008] . 10 For an example of the use of the skew tent map as a normal form for border collision bifurcations, we refer to [Sushko & Gardini, 2010] .
fixed points, let us consider the following map: A transition (for µ increasing through zero) from a broad one-band attractor to a narrow oneband attractor A 1 which appears due to the border collision bifurcation of the fixed points O L , O R is shown in Fig. 10(a) . At the used parameter values the interval J before the bifurcation (for µ < 0) is given by
Clearly, it contains the border point x = 0 at which the fixed points O L and O R appear at µ = 0. As a L > 1, a R < −1, both of them are repelling and in terms of the description of the bifurcation given above we have Transitions from a one-band to a 2 k -band chaotic attractors for map (10) are illustrated in Figs. 10(b) and 10(c) for k = 1, 2. In both cases the fixed point O R appears nonhomoclinic (as f −1 L (O R ) < f R (µ)). To explain the difference between the cases shown in Figs. 10(b) and 10(c) one has to note that at the fold border collision bifurcation at which the fixed points O L , O R appear, also an infinite family of repelling 2 j -cycles, j = 1, 2, 3, . . . , appear, namely the so-called harmonics of O R . If O R appears homoclinic [as in Fig. 10(a) ] then all the harmonics appear homoclinic as well. If O R appears nonhomoclinic, then some of the harmonics may appear nonhomoclinic also. In this case, let k be the smallest index, for which the harmonic 2 k -cycle appears homoclinic, then we observe a transition to a 2 k -band chaotic attractor. For example, in the case shown in Fig. 10(b) all harmonic cycles are homoclinic (i.e. k = 1), so that we observe a transition to a two-band chaotic attractor. By contrast, in the case shown in Fig. 10 (c) the 2-cycle O LR is nonhomoclinic and the first harmonic cycle which is homoclinic is for k = 2, that means a 4-cycle. Accordingly, this bifurcation leads to the appearance of a four-band chaotic attractor. In the skew tent map (2) the discussed type of bifurcations of chaotic attractors can be related to a fold border collision bifurcation of basic cycles 11 with periods n ≥ 3 only, and the harmonic cycles are always homoclinic. Accordingly, the fold border collision bifurcation of a basic n-cycle in the skew tent map leads either to the appearance of an nband or a 2n-band chaotic attractor.
